This work presents a collection of useful properties of the Moreau envelope for finite-dimensional, proper, lower semicontinuous, convex functions. In particular, gauge functions and piecewise cubic functions are investigated and their Moreau envelopes categorized. Characterizations of convex Moreau envelopes are established; topics include strict convexity, strong convexity and Lipschitz continuity.
Introduction
The Moreau envelope e r f was introduced in its original form by Jean-Jacques Moreau in the mid-1960s [21] . It is an infimal convolution of two functions f and q r , where r > 0 and q r = r 2 · 2 . The Moreau envelope offers many benefits in Optimization, such as the smoothing of the nonsmooth objective function f [20, 21] while maintaining the same minimum and minimizers of f in the case where f is proper, lower semicontinuous (lsc) and convex [25, 28] . Also in the convex setting, e r f is differentiable and its gradient has an explicit representation, even when f itself is not differentiable [25] . As a result, much research has been done on properties of the Moreau envelope, including differentiability [6, 12, 23] , regularization [4, 11, 13, 15, 16, 19] and convergence of the related proximal-point algorithms for finding a minimizer [1, 5, 9, 27, 29] .
In this work, we continue the development of convex Moreau envelope theory. We endeavour to show the advantages that this form of regularization has to offer and make comparisons to the Pasch-Hausdorff envelope. Most of the focus is on the set of convex Moreau envelopes; we work to establish characterizations about when a function is a Moreau envelope of a proper, lsc, convex function. We also consider the differentiability properties of e r f, annotating the characteristics of the proximal mapping and the Moreau envelope for C k functions. The main contributions of this paper are the analysis of the proximal mapping and Moreau envelope of two particular families of convex functions: piecewise cubic functions and gauge functions. Explicit formulae for, and method of calculation of, the proximal mapping and Moreau envelope for any single-variable convex piecewise-cubic function are given. The Moreau envelope is used to smooth the ridges of nondifferentiability (except the kernel) of any gauge function, while maintaining its status as a gauge function. The special case of norm functions is analyzed as well; the Moreau envelope is used to convert any norm function into one that is smooth everywhere expect at the origin. For both piecewise-cubic functions and gauge functions, several explicit examples with illustrations are included. To the best of our knowledge, the closed forms of Moreau envelopes of many examples given here have not been realized until now. The piecewise cubic work extends the results for piecewise linear-quadratic functions found in [2, 7, 17] , and the study of Moreau envelopes of gauge functions is new.
The remainder of this paper is organized as follows. Section 2 contains notation, definitions and facts that are used throughout. In Section 3, several known results about the Moreau envelope are collected first, then new results on the set of convex Moreau envelopes are presented. We provide an upper bound for the difference f −e r f when f is a Lipschitz continuous function. We establish several characterizations of the Moreau envelope of f convex, based on strict convexity of f, strong convexity of the Fenchel conjugate (e r f ) * and Lipschitz continuity of ∇e r f. We discuss the differentiability of e r f, proving that f ∈ C k ⇒ e r f ∈ C k . Then we focus on explicit expressions for the Moreau envelope and the proximal mapping for convex piecewise functions on R, which sets the stage for the section that follows. Section 4 concentrates on the set of convex piecewise-cubic functions on R and their Moreau envelopes. We lay out the piecewise domain of e r f for f piecewise-cubic and present a theorem that states the proximal mapping and Moreau envelope. Section 5 deals with the smoothing of an arbitrary gauge function by way of the Moreau envelope. It is shown that given a gauge function f, the function e r (f 2 ) is also a gauge function and is differentiable everywhere except on the kernel. A corollary about norm functions follows; if f is a norm function, then e r (f 2 ) is a norm function that is differentiable everywhere except at the origin. Several examples and illustrations are provided in this section. Section 6 summarizes the results of this work.
Preliminaries

Notation
All functions in this work are defined on R n , Euclidean space equipped with inner product defined x, y = n i=1 x i y i and induced norm x = x, x . The extended real line R ∪{∞} is denoted R. We use Γ 0 (R n ) to represent the set of proper, convex, lower semicontinuous (lsc) functions on R n . The identity operator is denoted Id . We use N C (x) to represent the normal cone to C at x, as defined in [25] . The domain and the range of an operator A are denoted dom A and ran A, respectively. Pointwise convergence is denoted
Definitions and facts
In this section, we collect some definitions and facts that we need for proof of the main results.
Definition 2.1. The graph of an operator A : R n ⇒ R n is defined
Its inverse A −1 : R n ⇒ R n is defined by the graph
Definition 2.2. For any function f : R n → R, the Fenchel conjugate of f is denoted f * : R n → R and defined by
Definition 2.3. For a proper, lsc function f : R n → R, the Moreau envelope of f is denoted e r f and defined by
The vector x is called the prox-centre and the scalar r ≥ 0 is called the proxparameter. The associated proximal mapping is the set of all points at which the above infimum is attained, denoted P r f :
2 is convex. Equivalently, f is σ-strongly convex if there exists σ > 0 such that for all λ ∈ (0, 1) and for all x, y ∈ R n ,
is strictly convex if for all x, y ∈ dom f, x = y and all λ ∈ (0, 1),
is essentially strictly convex if f is strictly convex on every convex subset of dom ∂f.
Next, we have some facts about the Moreau envelope, including differentiability, upper and lower bounds, pointwise convergence characterization, linear translation and evenness. 
is open and contained in U ;
Thus, f : U 0 → V is a bijection and has inverse g :
→ f if and only if e r f ν p → e r f . Moreover, the pointwise convergence of e r f ν to e r f is uniform on all bounded subsets of R n , hence yields epi-convergence to e r f as well. Fact 2.10. [10, Lemma 2.2] Let f : R n → R be proper lsc, and g(x) = f (x)−a x for some a ∈ R n . Then e r g(x) = e r f x + a r − a x − 1 2r a a.
Lemma 2.11. Let f : R n → R be an even function. Then e r f is an even function.
= (e r f )(x).
Properties of the Moreau envelope of convex functions
In this section, we present results on bounds and differentiability, and follow up with characterizations that involve strict convexity, strong convexity and Lipschitz continuity. These results are the setup for the two sections that follow, where we explore more specific families of functions.
The set of convex Moreau envelopes
We begin by providing several properties of Moreau envelopes of proper, lsc, convex functions. We show that the set of all such envelopes is closed and convex, and we give a bound for f − e r f when f is Lipschitz continuous. The facts in this section are already known in the literature, but they are scattered among several articles and books, so it is convenient to have them all in one collection. 
The set e r (Γ 0 (R n )) is closed under pointwise convergence.
Then for all x ∈ dom f and any r > 0,
where t = x − P r f (x) . This is a concave quadratic function whose maximizer is L/r. Thus,
The following example demonstrates that for an affine function, the bound in Proposition 3.4 is tight.
Proof. We have
Setting g (y) = 0 to find critical points yields y = x − a/r. Substituting into g(y), we have
Thus,
where a is the Lipschitz constant of the affine function f.
The next theorem is a characterization of when a convex function and its Moreau envelope differ only by a constant: when the function is affine.
Then f = e r f + c for some c ∈ R if and only if f is an affine function.
Proof. (⇐) This is the result of Example 3.5. (⇒) Suppose that f = e r f + c. Taking the Fenchel conjugate of both sides and rearranging, we have
Now suppose there exists
2), we have
Note that if one of x 0 , x 1 equals zero, then (3.3) implies that the other one equals zero, a contradiction to x 0 = x 1 . Hence, x 0 = 0 and x 1 = 0. Since the left-hand side of (3.3) is a smooth function of t for t ∈ (0, 1), we take the derivative of (3.3) with respect to t and obtain
a contradiction. Hence, dom f * = {x 0 }. Therefore, f * = ι {x 0 } + k for some k ∈ R, and we have f (x) = x, x 0 − k.
Characterizations of the Moreau envelope
Now we show the ways in which e r f can be characterized in terms of f when f has a certain structure. We consider the properties of strict convexity, strong convexity, and Lipschitz continuity. functions are convex and full-domain, this essentially strict convexity is equivalent to strict convexity. Therefore, e r f is strictly convex. Conversely, assuming that e r f is strictly convex, the previous statements in reverse order allow us to conclude that f is essentially strictly convex. 
Since the conjugate of
, which means that f * is strongly convex with modulus 1/r.
(⇐) Suppose f * is strongly convex with modulus 1/r. Then f * − 1 2r
, and we have
Taking the Fenchel conjugate of both sides, and invoking [3, Theorem 16 .4], we have (using as the infimal convolution operator)
Fact 3.9. [3, Corollary 18.18] Let g ∈ Γ 0 (R n ). Then g = e r f for some f ∈ Γ 0 (R n ) if and only if ∇g is r-Lipschitz.
-strongly convex. For strongly convex functions, a result that resembles the combination of Facts 3.9 and 3.10 is found in [16] . This is a reciprocal result, in that it is not e r f that is found to have a Lipschitz gradient as in Fact 3.9, but (e 1 f ) * . 
Then the following are equivalent:
for some K such that k−1/λ ≤ K ≤ k+1/λ, where λ is the minimum eigenvalue of M.
Differentiability of the Moreau envelope
It is well known that e r f is differentiable if f ∈ Γ 0 (R n ); see [25] . In this section, we study differentiability of e r f when f enjoys higher-order differentiability.
Proof. If k = 1, the proof is that of [25, Proposition 13.37 4) and that P r f = Id +
.
∇f (y) =: g(y), and for any y 0 ∈ dom f we have
where ∇ 2 f (y 0 ) ∈ R n×n exists (since f ∈ C 2 ) and is positive semidefinite. This gives us that ∇g ∈ C k−2 , so that g ∈ C k−1 . Then by Fact 2.7, we have that g −1 = P r f ∈ C k−1 . Thus, by (3.4) we have that ∇e r f ∈ C k−1 . Therefore, e r f ∈ C k .
Moreau envelopes of piecewise differentiable functions
When a function is piecewise differentiable, using Minty's surjective theorem, we can provide a closed analytical form for its Moreau envelope. This section is the setup for the main result of Section 4, in which Theorem 4.9 gives the explicit expression of the Moreau envelope for a piecewise cubic function on R .
Proposition 3.13. Let f 1 , f 2 : R → R be convex and differentiable on the whole of R such that
Hence, f is continuous, and the regions
We split the Moreau envelope as follows,
Case 1:
2 is convex, so any local minimizer will be a global minimizer for the function y → f (y) + r 2 (y − x)
2 and y → f 1 (y) + r 2 (y − x) 2 on R, which in turn imply that P r f (x) = P r f 1 (x). It suffices to show that
The existence of the minimizer is guaranteed by the convexity of f 1 , which implies the coercivity of y → f 1 (y) + r 2 (y − x) 2 . Then we will have
attains a global minimum at y = x 0 . By the optimality condition,
which is a contradiction. Thus, (3.6) holds, and we conclude (3.7). Case 2:
This is realized by an identical argument as in Case 1.
. In this region, we must have P r f (x) = x 0 . Indeed, since
By convexity, this means that y → f (y) + r 2 (y − x) 2 attains its global minimum at x 0 , and that P r f (x) = x 0 . Because both infima in (3.5) yield the same expression. We use the first one without loss of generality and conclude the remainder of the statement of the proposition. Proposition 3.13 can be expanded to any finite number of functions with the same manner of proof.
. . .
is convex. Then
Proof. In the definition of f, we have that
Since f is convex, P r f (x) is monotone. We split the Moreau envelope as follows, e r f (x) = min inf
The rest of the proof is identical in method to that of Proposition 3.13.
The following is an example of Corollary 3.14, with a three-piece function.
, if x > 0.
Proof. The proof is a matter of applying Corollary 3.14 with
The algebra and calculus are elementary and are left to the reader as an exercise. 
and
Proof. We use the fact that P r g = Id + 
otherwise.
Multiplying by 1 r
and adding the identity function, we obtain
Now applying the identity P r g(x) = Id + 1 r ∂g −1 (x), we find
Example 3.17. Define
Then by Theorem 3.16,
The functions g (black) and e 1 g (red).
The Moreau envelope of piecewise cubic functions
In this section, we concentrate our efforts on the class of univariate, piecewise cubic functions.
Motivation
Piecewise polynomial functions are of great interest in current research because they are commonly used in mathematical modelling, and thus in many optimization algorithms that require a relatively simple approximation function. Convex piecewise functions in general, and their Moreau envelopes, are explored in [18, 19] and similar works. Properties of piecewise linear-quadratic (PLQ) functions in particular, and their Moreau envelopes, are developed in [2, 7, 17] and others. The new theory of piecewise cubic functions found in this section will enable the expansion of such works to polynomials of one degree higher, and any result developed here reverts to the piecewise linear-quadratic case by setting the cubic coefficients to zero. Matters such as interpolation for discrete transforms, closedness under Moreau envelope, and efficiency of Moreau envelope algorithms that are analyzed in [17] for PLQ functions can now be extended to the piecewise cubic case, as can the PLQ Toolbox software found in [17, §7] . Indeed, it is our intention that many applications and algorithms that currently use PLQ functions as their basis will become applicable to a broader range of useful situations due to expansion to the piecewise-cubic setting.
Convexity
We begin with the definition and a lemma that characterizes when a piecewise cubic function is convex. 
For i = 1, 2, . . . , m − 1, let {x i } be in increasing order,
Define the subdomains
Then the function f defined by
is a continuous, piecewise cubic function. Moreover, f is convex if and only if (i) f i is convex on D i for each i, and
Proof. By Proposition 4.2, f is a continuous, piecewise cubic function.
(⇐) Suppose that each f i is convex on D i and that f i (x i ) ≤ f i+1 (x i ) for each i < m. Since f i is convex and smooth on int D i for each i, we have that for each i :
(by point (a), and because f i is polynomial f i is continuous, f i is an increasing function), and
f i+1 (x) (by point (a) and continuity of f i ).
Then at each x i , the subdifferential of f is the convex hull of f i (x i ) and f i+1 (x i ) :
Points (a), (b), (c), and (d) above give us that ∂f is monotone over its domain. Therefore, f is convex.
(⇒) Suppose that f is convex. It is clear that if f i is not convex on D i for some i, then f is not convex and we have a contradiction. Hence, f i is convex on D i for each i, and point (i) is true. Suppose for eventual contradiction that f i+1 (x i ) < f i (x i ) for some i < m. Since point (i) is true, point (a) and hence point (b) are also true. Thus, since f i is a continuous function on
we have that ∂f is not monotone. Hence, f is not convex, a contradiction. Therefore,
Examples
It will be helpful to see how the Moreau envelopes of certain piecewise cubic functions behave graphically. Visualizing a few simple functions and their Moreau envelopes points the way to the main results in the next section. Example 4.4. Let
It is left to the reader to verify that f is convex. Notice that x 1 and x 2 are points of nondifferentiability. We find that
Then according to Corollary 3.14, we have Remark 4.5. Note that in finding the proximal points of convex cubic functions, setting the derivative of the infimand of the Moreau envelope expression equal to zero and solving yields two points (positive and negative square root). However, the proximal mapping is strictly monotone and only one of the two points will be in the appropriate domain. The method for choosing the correct proximal point is laid out in Proposition 4.10.
As an illustration of Remark 4.5, consider our choice of p 2 above. The counterpart of p 2 has a negative square root, but p 2 is correct as given. It is easy to see that
, by noting that p 2 (x) is an increasing function of x and observing that p 2 (−1 − 4/r) = x 1 and p 2 (1 + 8/r) = x 2 . The proper choices of p 1 and p 3 are made in a similar manner. This method is presented in general form in Proposition 4.10. Then we have
Figure 3: The functions f (x) (black) and e r f (x) for r = 1, 10, 50, 100.
, if x > 0, and
Proof. The Moreau envelope is
(i) Let x ≤ 0. Then, with the restriction y > 0,
For the other infimum, setting the derivative of its argument equal to zero yields a minimizer of y = rx r+2
, so that
(ii) Let x > 0. Then, with the restriction y ≤ 0,
For the other infimum, setting the derivative of its argument equal to zero yields a minimizer of y = −r+ √ r 2 +12rx 6 (see Remark 4.5), so that Figure 4 illustrates the result for r = 1. This result is perhaps surprising at first glance, since we know that as r ∞ we must have e r f f. This leads us to suspect that the Moreau envelope on the cubic portion of the function will be a cubic function, but the highest power of x in the Moreau envelope is 2. The following proves that this envelope does indeed converge to x 3 . We have
, if x ≥ 0, , if x ≥ 0.
Proof. The Moreau envelope is
By an argument identical to that of the previous example, we find that for x ≥ 0,
Then by Lemma 2.11, we conclude the statement of the example. Proof. The proof is found by applying Fact 2.10 to Example 4.7.
Main result
The examples of the previous section suggest a theorem for the case of a general convex cubic function on R. The theorem is the following.
Then the proximal mapping and Moreau envelope of f are
Proof. We first consider g(x) = a|x| 3 + bx 2 + d, and we use Lemma 2.10 to account for the cx term later. By the same method as in Example 4.6, for x < 0 we find that q 1 = P r g(x) = r + 2b − (r + 2b) 2 − 12arx 6a and e r g(x) = −aq
Then by Lemma 2.11, for x ≥ 0 we have that
and e r g(x) = aq
Finally, Lemma 2.10 gives us that e r f (x) = e r g x − c r
, which yields the proximal mapping and Moreau envelope that we seek. Now we present the application of Corollary 3.14 to convex piecewise cubic functions. First, we deal with the issue mentioned in Remark 4.5: making the proper choice of proximal point for a cubic piece. 
) (and setting x 0 = −∞ and x m+1 = ∞), the proximal point of f i is
Proof. Recall from Lemma 4.3 that dom f i = R for each i. For f i , the proximal mapping is
Setting the derivative of the infimand equal to zero yields the potential proximal points:
Notice that any x ∈ S i can be written as
Substituting into (4.2) yields
Since f i is convex on [x i , x i+1 ], the second derivative is nonnegative: 6a ix +2b i ≥ 0 for allx ∈ [x i , x i+1 ]. Thus, |2b i + r + 6a ix | = 2b i + r + 6a ix and the two points of (4.3) are
Therefore, p i is the proximal point, since it lies in [x i , x i+1 ]. This corresponds to the positive square root of (4.2), which gives us the statement of the proposition.
Corollary 4.11. Let f : R → R be a convex piecewise cubic function:
where
For each i ∈ {0, 1, . . . , m}, define
Partition dom f as follows:
Algorithm 1 below is a block of pseudocode that accepts as input a set of m cubic functions {f 1 , . . . , f m } and m−1 intersection points {x 1 , . . . , x m−1 } that form the convex piecewise cubic function f, calculates e r f and plots f and e r f together.
Algorithm 1 : A routine for graphing the Moreau envelope of a convex piecewise cubic function.
Step 0. Input coefficients of f i , intersection points, prox-parameter r, lower and upper bounds for the graph.
Step 1. Find f i for each i.
Step 2. Use f i and x i to define the subdomains S i of e r f as found in Corollary 4.11.
Step 3. On each S i , use Proposition 4.10 to find the proximal point p i .
Step 4. Find e r f (
Step 5. Plot f and e r f on the same axes.
Smoothing a gauge function via the Moreau envelope
In this section, we focus on the idea of smoothing a gauge function. Gauge functions are proper, lsc and convex, but many gauge functions have ridges of nondifferentiability that can be regularized by way of the Moreau envelope. The main result of this section is a method of smoothing a gauge function that yields another gauge function that is differentiable everywhere except on the kernel, as we shall see in Theorem 5.6. A special case of a gauge function is a norm function; Corollary 5.7 applies Theorem 5.6 to an arbitrary norm function, resulting in another norm function that is smooth everywhere except at the origin. To our knowledge, this smoothing of gauge functions and norm functions is a new development in Convex Optimization. It is our hope that this new theory will be of interest and of some practical use to the readers of this paper.
Definitions
We begin with some definitions that are used only in this section.
Definition 5.1. For x ∈ R, the sign function sgn(x) is defined 
is gauge-like, and so is
Main result and illustrations
The following theorem and corollary are the main results of this section. Then some typical norm functions on R 2 are showcased: the ∞-norm and the 1 -norm. Finally, by way of counterexample we demonstrate that the Moreau envelope is ideal for the smoothing effect of Theorem 5.6 and other regularizations may not be; the Pasch-Hausdorff envelope is shown not to have the desired effect. Proof. By [25, Theorem 1.25] , lim r ∞ g r = f 2 . So we have lim r ∞ h r = |f |, which is simply f since f (x) ≥ 0 for all x. Since f is nonnegative and convex, f 2 is proper, lsc and convex. By [25, Theorem 2.26] we have that g r is convex and continuously differentiable everywhere, the gradient being
Then by the chain rule, we have that
Since inf g r = inf f 2 = 0 and argmin g r = argmin f 2 , we have g r (x) = 0 if and only if f 2 (x) = 0, i.e., f (x) = 0. To see that h r is a gauge function, we have
Thus, g r is positively homogeneous of degree two. Hence, by [24, Corollary 15.3.1] , there exists a closed gauge function k such that g r (x) = 1 2
and we have that h r is a gauge function.
Corollary 5.7. Let f : R n → R, f (x) = x * be an arbitrary norm function. Define g r (x) = [e r (f 2 )](x) and h r = √ g r . Then h r is a norm, h r is differentiable everywhere except at the origin, and lim
Proof. By Theorem 5.6, we have that lim r ∞ h r = f, h r is differentiable everywhere except at the origin, h r is nonnegative and positively homogeneous. To see that h r is a norm, it remains to show that
(ii) We have that h r is convex, since it is a gauge function. Therefore, by [24, Theorem 4.7] , the triangle inequality holds. Now we present some examples on R 2 , to illustrate the method of Theorem 5.6.
2 )](x, y) and h r (x, y) = g r (x, y). Then, with R 2 partitioned as
we have
and lim
Proof. Figure 5 shows the partitioning of R 2 in the case r = 1; for other values of r the partition is of similar form. We have
We denote the first infimum of (5.1) by I x , and the second one by I y . We need to split the restriction on I x into three pieces: the differentiable portion |x| > |y|, the x = y portion, and the x = −y portion. We denote these three infima as I |x|>|y| , I x=y , and I x=−y . Similarly, we split I y into I |x|<|y| , I x=y , and I x=−y . Considering I |x|>|y| , we set the gradient of its argument equal to zero and find a proximal point of (x, y) = Then R The function h r (x, y) from r = 0.01 (grey) to r = 5 (blue).
](x, y) and h r = √ g r . Then, with R 2 partitioned as we have r(r + 2)x 2 + 2ry 2 2(r + 2) = 1 , we observe that as r ∞ we recover the unit circle of the 1-norm, {(x, y) : |x + y| = 1}. Figure 11 displays ρ r for several values of r.
The preceding examples, making use of Corollary 5.7, demonstrate the regularization power of the Moreau envelope; any norm can be converted into a norm that is smooth everywhere except at one point. Other envelope functions do not have this effect, as Example 5.11 shows. for all x ∈ R n , then h ≡ f. where r > 0. Then g r is a gauge, and ∂g r (x) = ∂f (p) ∩ r∂ p − x , where p is in the proximal mapping of f at x. Moreover, when f is an arbitrary norm, g r is a norm. However, in that case g r is not necessarily differentiable everywhere except at the origin, as is the case of Corollary 5.7 where the Moreau envelope is used.
Proof. To prove that g r is a gauge, we must show that (i) g r (x) ≥ 0 for all x ∈ R n , and x = 0 ⇒ g r (x) = 0,
(ii) g r (αx) = αg r (x) for all α > 0, and (iii) g r is convex. We have g r (0) = inf (iii) Since (x, y) → f (y) + r y − x is convex, the marginal function g r is convex by [3, Proposition 8.26 ].
Therefore, g r is a gauge. The expression for ∂g r comes from [3, Proposition 16.48 ]. Now let f be a norm. To show that g r is a norm, we must show that (iv) g r (x) = 0 ⇒ x = 0, (v) g r (−x) = g r (x) for x ∈ R n , and (vi) g r (x + y) ≤ g r (x) + g r (y) for all x, y ∈ R n .
(iv) Let g r (x) = 0. Then there exists {y k } ∞ k=1 such that f (y k ) + r y k − x → 0. (5.2)
by the Squeeze Theorem we have f (y k ) → 0, and since f is a norm, y k → 0. Then by (5.2) together with f (y k ) → 0, we have y k − x → 0, i.e. y k → x. Therefore, x = 0.
(v) As in Lemma 2.11, one can show that the Pasch-Hausdorff envelope of an even function is even.
(vi) By [24, Theorem 4.7] , it suffices that g r is convex.
Therefore, g r is a norm. To show that g r is not necessarily smooth everywhere except at one point, we consider a particular example. On R 2 , define
Then g √ 2 (x) = inf y∈R n {f 1 (y) + f 2 (x − y)} .
It is elementary to show that f 1 is √ 2-Lipschitz, so by Fact 5.10, we have that g √ 2 ≡ f 1 . Hence, g √ 2 (x) = |x 1 | + |x 2 |, which is not smooth along the lines x 1 = 0 and x 2 = 0.
Remark 5.12. Further work in this area could be done by replacing q(x − y) = See [6, 14] for details on the Moreau envelope using the Bregman distance.
Conclusion
We established characterizations of Moreau envelopes: e r f is strictly convex if and only if f is essentially strictly convex, and f = e r g with g ∈ Γ 0 (R n ) if and only if f * is strongly convex with modulus 1/r. We saw differentiability properties of convex Moreau envelopes and used them to establish an explicit expression for the Moreau envelope of a piecewise cubic function. Finally, we presented a method for smoothing an arbitrary gauge function by applying the Moreau envelope, resulting in another norm function that is differentiable everywhere except on the kernel. A special application to an arbitrary norm function is presented.
